A space X has countable (F )-property if it has countable point network satisfying the Collins-Roscoe structuring mechanism. Some sufficient conditions for C p (X) having countable (F )-property are obtained. As a corollary, we prove that if X is Corson compact, C p (X) satisfies countable (F ). This answers a question raised by Tkachuk in [10] . Also we get a class of function spaces with hereditarily D-property. We also prove that the countable (F )-property is preserved by taking Σ s -product. This answers questions of Tkachuk in [11] positively.
Introduction
A space X satisfies (F ) if it has W = {W(x) : x ∈ X} where each W(x) consists of subsets of X containing x and if y ∈ U and U is open, then there exits an open set V = V (y, U ) containing y such that x ∈ V (y, U ) implies that y ∈ W ⊆ U for some W ∈ W(x). This structuring mechanism was first introduced by Collins and Roscoe in [1] .
There were some interesting results on Collins-Roscoe Structuring mechanisms due to Collins, Reed, Roscoe and Rudin [1] , [2] . In particular, Collins and Roscoe proved that a space is metrizable if and only if it satisfies open decreasing countable (F ); Collins, Reed, Roscoe and Rudin proved that a space is stratifiable if and only if it satisfies decreasing countable (F ) and has countable pseudo-character. Spaces with a point-countable base satisfy open countable (F ), but whether or not the reverse holds is an open problem [1] . Recently, Tkachuk systematically studied the countable (F )-property [10] . Tkachuk also investigated
Function Spaces with the Countable (F )-property
Definition 1 Let f be a nonconstant function on a subspace Y of the product space X = Π{X t : t ∈ T }. Define A f = {A : A ⊂ T and there exists g on p A (Y ) such that f = g • p A (Y )}.
Next we will state some interesting properties of A f which are very useful in the proof of the main theorem in this section.
Proposition 2 Suppose f is a nonconstant function on X = Π{X t : t ∈ T }. For each t ∈ T , t ∈ A f if and only if there exist x, y ∈ X with x(t)=y(t) such that f (x) = f (y).
Proof. Fix t ∈ T . Suppose that there exist x, y ∈ X with x(t)=y(t) such that
Suppose for any x, y ∈ X with x(t)=y(t),
It is easy to verify that g ′ is well-defined and
Lemma 3
Suppose that Y is a subspace of the product space X = Π{X t : t ∈ T } such that any f ∈ C(Y ) admits a continuous factorization through the projection p A of X to a subspace Π{X t : t ∈ A}, for some countable set A ⊆ T . If f is not a constant function, then A f is nonempty and countable.
Proof. By the assumption, it is easy to see that A f is countable. Suppose that f is not a constant function. Then there exist x and y in Y such that f (x) = f (y). Choose a positive number δ < 1/3|f (x) − f (y)|. Then the inverse images of two open intervals (f (x)−δ), f (x)−δ) and (f (y)−δ), f (y)−δ) are disjoint open neighborhoods of x and y. Without loss of generalities, we can assume U and V are open neighborhoods of x and y such that
is a proper open subset of X t for any t ∈ G. If there exists t ∈ G such that there exists x 1 and y 1 ∈ Y with x 1 (t)=y 1 (t) such that f (x 1 ) = f (y 1 ), then t ∈ A f by lemma 3, i.e. A f is not empty. We will prove that such a t exists by contradiction.
Suppose, for contradiction for any t ∈ G, f (x 1 ) = f (y 1 ) provided that x 1 (t)=y 1 (t). Define z 0 such that z 0 (t) = x(t) if t ∈ G and z 0 (t) = y(t) otherwise. Note that z 0 ∈ U . Define that z i such that z 0 (t) = x(t) if t ∈ {t j : j > i} and z i (t) = y(t) otherwise. Then by the assumption,
. It is very straightforward to verify the following lemma.
is not a constant function, then for any x ∈ X and ǫ, there exist an open neighborhood U of x and a finite set G ⊆ A f ⊂ T with i = 1, 2, . . . , c such that p t (U ) is a proper open set of X t for each t ∈ G and p t (U ) = X t otherwise, also |f (x) − f (y)| < ǫ for any y ∈ U .
Theorem 5 Let X = Π{X t : t ∈ T } with each space X t being cosmic. Then
admits a continuous factorization through the projection p A of X to a subspace Π{X t : t ∈ A}, for some countable set A ⊆ T .
Proof. We will first define the point network W(f ) for each f ∈ C p (X), then prove the point network satisfies the requirements of Collins-Roscoe structuring mechanism. Fix f ∈ C p (X).
Case 2: Suppose f is not a constant function. By lemma 3, A f is nonempty and countable. Since each space X t is cosmic and A f is countable, the space
Then it remains to prove that the point network W(f ) defined above satisfies the requirements of Collins-Roscoe structuring mechanism. Choose a function g on X and an open neighborhood U = B(g, {x 1 , . . . ,
from W(f ). Next, we need to prove that g ∈ W ⊂ U . Take y ∈ p
Case 2: Suppose that g is not a constant function. For each i = 1, . . . , b, by lemma 4 there exists
is a collection of open subsets of X. For any t i j ∈ A f with i = 1, . . . , b and j = 1, . . . , c i , by proposition 2, we can find y i j such that
. . , b, and j = 1, . . . , c i }. Let a * be a natural number such that a * ≥ {8a, 2/ǫ}. Then let
. Easy to see that f is not a constant function and it is quite straightforward to verify that f (
, by proposition 2 we have t i j ∈ A f for any i = 1, . . . , b and j = 1, . . . , c i . Then we can find
Then, we need to prove that g ∈ W ⊆ U . Take y ∈ p
According to Glicksberg's theorem in [3] , every continuous real-valued function f defined on a product space Π{X t : t ∈ T } admits a continuous factorization through the projection p A of X to a subspace Π{X t : t ∈ A}, for some countable set A ⊆ T , if and only if X is pseudo-ℵ 1 -compact. The same conclusion remains valid for continuous real-valued functions [7] defined on an arbitrary Lindelöf subspace Y of the product space X.
Noble and Milton Ulmer [6] extended the class of the subspace of a product space whose continuous functions depend on countable many coordinates. In fact, they proved, if each space X t is cosmic and Y is a dense subspace of the product space Π{X t : t ∈ T }, then every continuous real-valued function f defined on the space Y admits a continuous factorization through the projection p A of X to a subspace Π{X t : t ∈ A}, for some countable set A ⊆ T .
Then we can obtain the following corollary.
Corollary 6
Let X = Π{X t : t ∈ T } with each space X t be cosmic. If X is pseudo-ℵ 1 -compact, then C p (X) satisfies countable (F ). If Y is a Lindlöf subspace of a dense subspace of X, then C p (Y ) also satisfies countable (F ).
A characterization of Corson compact space X is that X could be embedded as a compact subspace of Σ(R κ ). Here Σ(R κ ) is the collection of elements in R κ such that only countable many coordinates are different from 0. So we have the following corollary which answers the question 3.1 raised by Tkachuk in [10] .
Corollary 7 If X is a Corson compact space, then C p (X) satisfies countable (F ).
Modifying Gruenhage's proof of spaces with open countable (F )-property having D-property, Xu and Soukup proved that spaces with countable (F )-property also have D-property. Then we can get the following result.
Corollary 8 Suppose that X = Π{X t : t ∈ T } with each space X t be cosmic. If X is pseudo-ℵ 1 -compact, then C p (X) has D-property. If Y is a Lindlöf subspace or a dense subspace of X, then C p (Y ) also has D-property.
Since Corson comact spaces (compact spaces which could embed into a Σ-product of R) don't satisfy the countable (F )-property, the countable (F )-property is not preserved by Σ-product. Tkachuk asked that whether the countable (F )-property is preserved by the Σ s -product in [11] . In this section, we will address this problem with an affirmative answer.
Given a family of spaces {X t : t ∈ T }, suppose that s = {T n : n ∈ N} is a sequence of subsets of T ; let X = Π{X t , t ∈ T } and fix a point z ∈ X. Given any x ∈ X, let supp(x) = {t : t ∈ T and x(t) = z(t)} and N x = {n : n ∈ N and |supp(x) ∩ T n | < ω 0 }. Then the set S = {x ∈ X : T = {T n : n ∈ N x }} is called the Σ s -product centered at z with respect to the sequence s. The concept of the Σ s -product was introduced by Sokolov in [8] . Sokolov proved that a compact space X is Gol'ko compact if and only if X embeds into a Σ s -product of R.
We will prove another characterization of Σ s -product first.
Definition 9 Let M be a separable metric space. The set S is called the
• supp(x) ∩ T K < ω 0 for any x ∈ S and K ∈ K(M ).
Proposition 10
If the set S is is the Σ M s -product centered at z ∈ Π{X t , t ∈ T } for a separable metric space M , then for any K ∈ K(M ) and x ∈ S, there exists an open neighborhood B of K such that supp(x) ∩ {T K ′ : K ′ ∈ B} is finite.
Proof. Since M is a separable metric space, K(M ) in Vietoris topology is a separable metric space. Choose an arbitrary K ∈ K(M ) and x ∈ S. Fix a local basis {B n : n ∈ N} of K. Suppose for contradiction, for any B n , supp(x) ∩ {T K ′ : K ′ ∈ B n } is infinite. Assume that t 1 , t 2 , . . . , t n are defined for some n ∈ N, then we can find t n+1 such that x(t n+1 ) = z(t n+1 ) and t n+1 ∈ {T K ′ :
For each n ∈ N, find K n ∈ B n such that t n ∈ T Kn and define K * = K ∪ ( {K n : n ∈ N}. Easy to see that K * is compact, but supp(x) ∩ T K * is infinite, actually {t n : n ∈ N} ⊆ T K * which is a contradiction.
Proposition 11
The set S is the Σ s -product centered at z ∈ Π{X t , t ∈ T } if and only if there exists a suitable separable metric space
Proof. Firstly, we assume that the set S is the Σ s -product centered at z ∈ Π{X t , t ∈ T } such that there exists {T n : n ∈ N} and for any x ∈ S, T = {T n : n ∈ N x }}. For any t ∈ T , we consider the element P (t) ∈ {0, 1} N defined by P (t)(n) = 0 if t ∈ T n and P (t)(n) = 1 if t / ∈ T n . Then we define Ω := {σ ∈ {0, 1} N : σ = P (t) for some t ∈ T }. Note that Ω is a separable metric space. For each K ∈ K(Ω), we define that T K = {t : P (t) = σ for some σ ∈ K}. Easy to see that
Next we need to show that for any x ∈ S, supp(x)∩T K is finite for any K ∈ K(Ω). Fix x ∈ S and K ∈ K(Ω), also list N x = {s 1 , s 2 , . . . , s n , . . .}. Suppose for contradiction, that supp(x) ∩ T K is infinite, list it as {t 1 , t 2 , . . . , t m , . . .}. Since K is compact, we may assume {P (t m ) : m ∈ N} converges to some P (t * ) = δ ∈ K. For each j ∈ N, only finitely many members of {t m : m ∈ N} can be in T s j , so P (t n )(s j ) = 0 for n large enough. Thus P (t * )(s j ) = 0 for all j ∈ N, this means that t * / ∈ T = {T s j : j ∈ N}, which is a contradiction.
Then, we will prove the other direction. Since M is a separable metric space, K(M ) in Vietoris topology is a separable metric space. Fix a countable basis B for the space K(M ) and define T B = {T K : K ∈ B}. By the proposition 10, we will have T = {T B : supp(x) ∩ T B is finite} for any x ∈ S.
Using this new characterization of Σ s -product, we can prove that the countable (F )-property is preserved by taking Σ s -product (Theorem 12). This answers the questions 4.4 and 4.5 in [11] positively.
Theorem 12
Suppose that {X t : t ∈ T } is a family of spaces which satisfy the countable (F )-property. Then if S is a Σ s -product centered at z ∈ Π{X t : t ∈ T }, then S also has the countable (F )-property.
Proof. Since each X t satisfies countable (F )-property, there exists a countable point network W(x(t)) satisfying the Collins-Roscoe structuring mechanism for each t. For each x(t) ∈ X t , we put one more set {x(t), z(t)} in the point network W(x(t)).
By the proposition 11, there exists a suitable separable metric space (M, d) such that S is the Σ M s -product centered at z ∈ Π{X t , t ∈ T }. Since K(M ) is a separable metric space, we can fix a countable basis B =
Easy to see that, there are only countable many possible choices of W Bn . Then we define the point network of x to be W(x) = {W Bn : n ∈ N x }. Notice W(x) is countable. Next we will prove that W = {W(x) : x ∈ S} satisfies the requirements of the Collins-Roscoe structuring mechanism.
Choose y ∈ S and an open subset U which contains y. Without loss of generality, we can assume that there exist two disjoint finite sets F 0 , F 1 ⊂ T such that y(t) = z(t) if t ∈ F 0 , y(t) = z(t) if t ∈ F 1 , and also U = Π{R t : t ∈ T } where R t = X t if t / ∈ F 0 ∪ F 1 and R t = U t is an open subset of X t if t ∈ F 0 ∪ F 1 . By proposition 11, there exists a K ∈ K(M ) such that F 0 ∪ F 1 ⊆ T K since F 0 ∪ F 1 is finite. By proposition 10, there exists B ′ ∈ B such that K ∈ B ′ and supp(y) ∩ T B ′ is finite. Then let F 2 =supp(y) ∩ T B ′ , notice that F 0 ⊆ F 2 . For each t ∈ F 2 , there exists V t ⊂ U t \ {z(t)} such that for any a ∈ V t there exists W t ∈ W(a) with y(t) ∈ W t ⊆ U t . Then define V (y, U ) = Π{R t : t ∈ T } such that R t = V t if t ∈ F 2 ; R t = U t if t ∈ F 0 ; and R t = X t otherwise. It is easy to see that y ∈ V (y, U ) and V (y, U ) is open.
Then we need to find a W ∈ W(x) with y ∈ W ∈ U for any x ∈ V (y, U ). Since F 1 ∪ F 2 is finite, there exists K ′ ∈ B ′ such that F 2 ∪ F 1 ⊆ T K ′ . Then we can find m ∈ N x such that K ′ ∈ B m and supp(x)∩T Bm is finite, also B m ⊆ B ′ . Hence for any t ∈ T Bm , y(t) = z(t) implies that t ∈ F 2 . Next we will choose W from W(x) by defining W t for each t ∈ T such that W = Π{W t : t ∈ T } and y ∈ W ⊆ U . By the definition of W(x), it is enough to define W t where t ∈ supp(x) ∩ T Bm . For any t ∈ F 2 , we have x(t) = z(t), i.e. t ∈ supp(x) ∩ T Bm . By the definition of W(x), we can choose W t ∈ W(x(t)) with y(t) ∈ W t ⊆ U t . If x(t) = z(t) and t / ∈ F 2 , then choose W t = {x(t), z(t)}. Notice that if t ∈ T Bm \ textsupp(x), W t = {z(t)}; and if t / ∈ T Bm , W t = X t . Lastly, we will prove that y ∈ W ⊆ U . To show y ∈ W , we need to show that y(t) ∈ W t for each t ∈ T . Notice the fact if t ∈ T Bn \ supp(x), y(t) = z(t). Then it is very straightforward to verify that y(t) ∈ W t for each t ∈ T , also W ⊆ U .
Since a space with countable (F )-property has hereditary (D)-property, we obtain the following corollary.
Corollary 13
Suppose that {X t : t ∈ T } is a family of spaces which satisfy the countable (F )-property. Then if S is a Σ s -product centered at z ∈ Π{X t : t ∈ T }, then S has the hereditary D-property.
